Abstract. Lovelock theory of gravity -and, in particular, Einstein theory-admits black hole solutions that can be equipped with a hair by conformally coupling the theory to a real scalar field. This is a secondary hair, meaning that it does not endow the black hole with new quantum numbers. It rather consists of a non-trivial scalar field profile of fixed intensity which turns out to be regular everywhere outside and on the horizon and, provided the cosmological constant is negative, behaves at large distance in a way compatible with the Anti-de Sitter (AdS) asymptotic. In this paper, we review the main features of these hairy black hole solutions, such as their geometrical and thermodynamical properties. The conformal coupling to matter in dimension D > 4 in principle includes higher-curvature terms. These couplings are obtained from the Lovelock action through the Stueckelberg strategy. As a consequence, the resulting scalar-tensor theory exhibits a self-duality under field redefinition that resembles T-duality. Through this field redefinition, the matter content of the theory transforms into a Lovelock action for a dual geometry. Since the hairy black holes only exist for special relations between the dual Lovelock coupling constants, it is natural to compare those relations with the causality bounds coming from AdS/CFT. We observe that, while the lower causality bound is always obeyed, the upper causality bound is violated. The latter, however, is saturated in the large D limit.
Introduction
Lovelock theory [1, 2, 3] is the most general torsionless metric theory of gravity that yields field equations involving a rank-2 symmetric tensor of second order and covariantly conserved. Being the natural generalization of general relativity, Lovelock theory exhibits nice properties such as the absence of ghosts around physically sensible backgrounds [4, 5] ; it propagates a single massless graviton despite of being a higher-curvature theory. The action of Lovelock theory consists of the Einstein-Hilbert action augmented with higher-curvature terms O(R k ) that involve specific contractions of the Riemann tensors with no derivatives of it. While for spacetime dimension D ≤ 4 the theory reduces to Einstein theory, for D > 4 it presents deviation from general relativity that typically emerge at distances comparable with the length scales defined by the dimensionful coupling constants of the higher-curvature terms.
Lovelock theory is relevant in high-energy physics for different reasons: the higher-curvature terms in its action resemble those appearing in the next-to-leading order of string theory low energy effective action and in M-theory compactifications. More generally, it provides a tractable example to study the consistency of more general higher-curvature models [6, 7] . Being of second order, this theory is the perfect setup to investigate the effects of introducing highercurvature corrections in different scenarios, and this is the reason why in the last years it has become the favorite model to study higher-curvature corrections within the context of AdS/CFT correspondence [8, 9, 10] ; see [11] and references therein.
In reference [12] , it has been shown that Lovelock theory admits a natural generalization that leads to write down the most general conformally invariant single scalar field theory with second order field equations in D dimensions. This is in the same spirit as Horndeski and Galileon theories [13, 14] . In reference [15] , hairy black hole solutions to Lovelock gravity coupled to such conformally invariant matter theory were found for special curves of the space of coupling constants. The scalar hair of these black holes is a secondary hair; that is, the scalar field does not endow the black hole with new quantum numbers, but its intensity turns out to be fixed in terms of some of the coupling constants in the action. The scalar field configuration is regular everywhere outside and on the horizon, and behaves at large distance in a way that respects the AdS asymptotic -here we will consider the case of negative cosmological constant-. In this paper, we will study different aspects of these hairy black hole solutions. We will review their main geometrical and thermodynamical properties. We will also study a duality that Lovelock theory conformally coupled to the scalar field exhibits under field redefinitions. Through such a field redefinition, the matter content of the theory transforms into a Lovelock action for a dual geometry. Since the hairy black holes exist only for special relations among the dual Lovelock coupling constants, we will compare those relations with the causality bounds coming from AdS/CFT. We will show that, while the lower causality bound is always obeyed, the upper causality bound is violated. Nevertheless, the latter is saturated in the large D limit.
2. Higher-curvature gravity and conformal couplings
Lovelock theory
Lovelock theory is defined by the action
where R µ ν λδ is the Riemann curvature tensor, the symbol [n] in the sum stands for the integer part of n, other brackets refer to antisymmetrization. The collection of real numbers a 0 , a 1 , . . . a k in (1), to which the subindex {a} on the left hand side of (1) refers, are coupling constants of the theory that are in principle independent. However, being dimensionful coupling constants, it is natural to think of them as being given by a unique fundamental length scale ℓ P with a k ∼ ℓ 2k−D P . In (1), we are omitting boundary terms, cf. [16] (see also [17] ). This action yields the most general theory of gravity whose fields equations are of second order in the metric. These field equations read
which, indeed, are of second order in the metric, although not of degree one in its second derivatives. Therefore, (2) can be regarded as the natural generalization of Einstein equations to higher dimensions.
Conformal couplings
Among the different ways to couple matter to Lovelock theory, there is one that results particularly interesting because it provides a tractable model that exhibits conformal symmetry. In dimension D ≥ 5 a conformal invariant action for a scalar field may in principle include higher-curvature couplings. To write down the most general action of this sort, one may resort to the Stueckelberg strategy: Lovelock theory is not Weyl invariant. However, one can define the rescaled metricg µν = ϕ −2/s g µν , with s being a real constant different from zero and ϕ being a real scalar field. Then, one considers the Riemann curvature tensor associated tog µν ,
which happens to transform homogeneously under the Weyl transformation
with σ being a function of the spacetime coordinates. More precisely, under the rescaling (4) tensor ( 
This permits to construct a conformal invariant action for the compensator field ϕ by simply replacing R µ ν λδ by S µ ν λδ in (1). Then, the general action of Lovelock theory coupled to conformal matter takes the form [12] 
where a k and b k represent coupling constants that are in principle arbitrary -only constrained by consistency conditions such as unitarity and causality-, and where
The parameter s corresponds to the conformal weight of the scalar field. The choice s = 1 − D/2 leads to the standard action of a conformally coupled scalar field theory
where we have chosen
The D-dimensional Planck length is given by ℓ P = G 1/(D−2) . The ellipses stand for terms with more than two derivatives on the metric and on ϕ. The latter, however, do not yield higher-order field equations. In fact, the new conformal couplings involve higher-curvature terms together with higher-derivatives of the scalar field, all arranged in a way that the field equations turn out to be conformally invariant as well as of second order [12] . The field equations coming from varying (6) with respect to the metric can be written in the form
with G µν given by (2) and T µν given by
From this, we easily verify that, despite the presence of higher-curvature terms in the action, equations (7) are of second order in the fields. The same happens with the equation for the scalar field ϕ, which reads
It is possible to show that the trace of T µν vanishes on-shell. This is consistent with the conformal invariance of the matter action.
Hairy black hole solution
In reference [15] , explicit black hole solutions to field equations (7) have been found for arbitrary dimension D > 4, for horizons of either positive or negative curvature, and for arbitrary sign of the cosmological constant. Here, we will focus our attention to asymptotically AdS solutions with horizons of spherical topology.
There are special relations between the coupling constants
for which the static spherically symmetric solution to the field equations (7)- (9) is compatible with the ansatz
where r ∈ R >0 , t ∈ R, and where dΩ 2 D−2 is the metric of a (D − 2)-dimensional Euclidean space of constant curvature. Here, we will consider this space to be the unit (D − 2)-sphere. In that case, the metric function F (r) is root of the polynomial equation [18] 
where
is the volume of the unit (D − 2)-sphere. Choosing s = −1, the solution for the scalar field takes the simple form
with N satisfying the following constraints M in (11) is an arbitrary integration constant that corresponds to the black hole mass. In contrast, the constant Q 0 that weights the backreaction of the scalar field is fixed in terms of the coupling constants through the equation
This means that the conformal field ϕ corresponds to a secondary hair. The scalar field configuration remains finite everywhere outside and on the horizon, and it decays at large distance with a power law that depends on s (we considered in (12) the value s = −1). The particular dependence on Q 0 in the metric can be understood as the backreaction on the geometry produced by the scalar field energy density
which is positive provided Q 0 < 0. Equation (11) receives additional contributions on the right hand side when the black hole is charged under U (1) gauge fields; see (17) below. For illustrative purposes it is enough to consider only up to O(R 2 ) terms in the purely gravitational part of the action; therefore, hereafter we set a k>2 = 0. In such case, equation (11) notably simplifies and yields
with
where we have definedα = a 2 (D − 4)(D − 3)/(2a 1 ). This is a generalization of the BoulwareDeser solution [5] and of its electrically charged generalization [19] ; see also [20] . Q 1 is the black hole charge under a minimally coupled Abelian gauge field with electric solution
The equation for H 2 (r) given above is quadratic, allowing in principle for the two signs of H(r). This accounts for the two roots of F (r) in the quadratic version of equation (11). Nevertheless, only the positive root corresponds to a physically sensible solution [5] , yielding the following behavior for smallα
where again we have denoted a 0 = −Λ/(8πG) and a 1 = 1/(16πG). At first order inα this corresponds to the general relativity (GR) solution, with the second term on the right hand side being the Newtonian potential of the Schwarzschild-Tangherlini solution, the third and four being the Reissner-Nordström and the CFT matter contributions, respectively. The fifth term corresponds to the cosmological constant.
From (16), one can write the mass as a function of the horizon radius r + , namely
which, if Q 1 = 0 and Q 0 > 0, is not bounded from below due to the presence of the last term. This pathology compels to consider only black holes with Q 0 ≤ 0. It is worth mentioning that, even if the U (1) charge is present and screens the ultraviolet divergence due to Q 0 , the solution with Q 0 > 0 still presents other pathologies, such as negative entropy configurations [16] . Therefore, hereafter we will restrict ourselves to the case Q 0 < 0.
Black hole thermodynamics
Now, let us discuss the thermodynamical properties of these hairy black holes. We will focus our attention on the effects produced by the presence of the contribution Q 0 = 0. Hereafter we consider Q 1 = 0. In this case, the Hawking temperature of the black hole solution (16) is given by
The temperature presents different features depending on the parameters and it is necessary to consider different cases. At large r + , the temperature correctly reproduces the behaviour of black holes in GR. The difference appears for small values of r + . At short distances, provided Q 0 = 0, the leading term of (19) goes like like T ∼ Q 0 /(4αr
). However, it is important to take into account that physically sensible solutions correspond to Q 0 < 0. Therefore, there is a minimum value of r + for which T ≥ 0. This is related to the fact that hairy black holes with sufficiently small radius exhibit positive specific heat. This leads to a slowed evaporation that yields remnants. This endpoint corresponds to extremal solutions with zero temperature.
From the Euclidean action one can compute the entropy
which obeys the first law of black hole thermodynamics with the mass and the temperature computed above. While the first term in (20) corresponds to the Bekenstein-Hawking area law, the entropy formula also have other contributions. On the one hand, there are corrections due to the Lovelock terms in the pure gravity part of the action. Notice also that there is a constant contribution S 0 which depends on the couplings
. Such a constant contribution, puzzling from the physical point of view, is a recurrent feature of theories that contain highercurvature terms. In the model discussed here, the value of the constant S 0 depends on the value of Q 0 , and also its sign does. As a consequence, in order to avoid negative values of entropy for positive r + , it is necessary to restrict the analysis to the cases Q 0 ≤ 0,α ≥ 0. The presence of S 0 in the entropy formula has implications for thermodynamical (in)stability of the black holes as well as for other features such as their inner black hole properties.
Dual geometry and causality bounds
Because the matter part of the action has been constructed by means of a Stueckelberg mechanism from the Lovelock action, the former can also be thought of as a theory of pure gravity for the dual metricg µν . In other words, the action of the full theory (6) can be written as [21] 
or equivalently as
This means that for special choices of the couplings constants a k and b k the theory turns out to be self-dual under the transformation
Constraints (13) admit particular solutions with b k = 0 for all k > 2. This solution is
which yields
These couplings b k can be thought of as the Lovelock couplingsã k of the dual quadratic gravity theory (22) for the metricg µν . The dual theory admits asymptotically (A)dS solutions with curvature radius of order |b 1 /b 0 | 1/2 . Therefore, it is natural to compare (25) with the causality constraint coming from AdS/CFT in D dimensions. For the dual CFT not to propagate perturbations with superluminal velocities, the couplings of the quadratic Lovelock action must lie within the window [9, 10, 22 ]
Comparing (26) with (25) in arbitrary dimension D ≥ 5 one finds that the black hole solution exists for choices of the coupling constants b k such that the dual quadratic gravity theory only obeys the lower bound in (26) but does not obey the upper bound. The upper bound, however, is met in the large D limit, when b 0 b 2 /b 2 1 ∼ 1/4 + O(1/D 2 ). In order to not to misinterpret this observation, it is worth pointing out that the violation of the upper causality constraint (26) does not imply a priori the instability of the hairy black hole solution. This is because the dual geometryg µν that corresponds to the original solution (10) is not the AdS D vacuum that the dual theory has, but a different solution that asymptotes to R 1,1 × S D−2 with the radius of the (D − 2)-sphere given by N . It is also interesting that the hairy black hole solution with Λ = 0 corresponds to a dual geometry that asymptotes to AdS 2 × S D−2 .
It may be also interesting to compare the expressions (25) and (26) 
which corresponds to a curve on the space of the coupling constants for which the dual quadratic Lovelock theory has a single (A)dS vacuum and not two different effective cosmological constants. In D = 5 dimensions this coincides with the Chern-Simons theory (the special point λ = 1/4 in the notation employed in the AdS/CFT analysis, e.g. [8, 9, 10] ), which exhibits peculiar properties. In the large D limit of (27) one finds again the behaviour b 0 b 2 /b 2 1 ∼ 1/4+O(1/D). It would be interesting to further explore the properties that the solutions of this higher-curvature scalar-tensor theory exhibit in the large D limit [23] .
